IRRATIONALITY OF VALUES OF ZETA-FUNCTION 



W. ZUDILIN 



1. Introduction. The irrationality of values of the zeta-function ({s) at odd 
integers s > 3 is one of the most attractive problems in number theory. Inspite of a 
deceptive simplicity and more than two-hundred-year history of the problem, all done 
in this direction can easily be counted. It was only 1978, when Apery [A] obtained 
the irrationality of ({3) by a presentation of "nice" rational approximations to this 
number. During next years the phenomenon of Apery's sequence was recomprehended 
more than once from positions of different analytic methods (see [N2] and the bibliog- 
raphy cited there); new approaches gave rise to improve Apery's result quantitatively, 
i.e., to get a "sharp" irrationality measure of C(3) (last stages in this direction are the 
articles [H2], [RV]). Finally, in 2000 Rivoal [Rl] constructed linear forms with rational 
coefficients involving values of ({s) only at odd integers s > 1 and proved that there 
exist infinitely many irrational numbers among C(3), C(5), C(7), ■ • • ; more precisely, 
for the dimension d{a) of spaces spanned over Q by 1, C(3), C(5), ■ • • , C(<^ ~ 2), C(fi), 
where a is odd, there holds the estimate 

Ha) > i + iog2 ^^^''^-^^-' as a ^oo. 

2. Main results. In this note we generalize Rivoal's construction [Rl] and prove 
the following results. 

Theorem 1 . Each of the following collections 

{C(5), C(7), C(9), C(ll), C(13), C(15), C(17), C(19), C(21)}, 
{C(7), C(9), C(35), C(37)}, {C(9), C(ll), C(51), C(53)} ^ ' 

contains at least one irrational number.^ 

Theorem 2. For each odd integer b > 1 the collection 

C(6 + 2), ab + 4), C(86-3), C(86-l) 

contains at least one irrational number. 

Theorem 3. There exist odd integers ai < 145 and 02 < 1971 such that the 
numbers l,({3),({ai),({a2) are linearly independent over Q. 

Theorem 3 improves corresponding result from [R2] , where the linear independence 
of numbers 1, C(3), C('^) "^^is established for some a < 169. 
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-"^ After finishing this paper the author knew that Rivoal [R3] had independently obtained the claim 
of Theorem 1 for the first collection in (1) by another generalization of his construction from [Rl]. 
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Theorem 4. For each odd integer a > 3 there holds the absolute estimate 

5(a)> 0.395 1oga>^-^i^. (2) 

We stress that our proofs of Theorems 1-4 exploit calculations via the saddle point 
method (Section 4) and ideologically leans on the works [N2], [He]. An improvelment 
of arithmetic estimates (i.e., of denominators of numerical linear forms) in the spirit 
of [H2], [RV] (Section 3) allows us to sharpen the lower estimate of 5{a) in Theo- 
rems 3, 4 for small values of a. In Section 5 we obtain not only an upper bound but 
also precise asymptotics of coefficients of linear forms. Finally, we prove Theorems 1-4 
in Section 6. 

The main results of the work were announced in the communication [Z]. 

The author is grateful to Professor Yu. V. Nesterenko for his permanent attention 
to the work. This research was carried out with the partial support of the INTAS- 
RFBR grant no. IR-97-1904. 

3. Analytic construction. We fix positive odd parameters a, 6, c such that c > 3, 
a > h(c— 1), and for each positive integer n consider the rational function 

{t{t±l)---{t±n)) ^ ' 



fsmTTtV r{±t + cn + imt - nr+>^ (Or^Va+b-bc 
^ '[ 7T ) ' T{t + n + lY+b 



(3) 



where the record '±' means that the product contains factors corresponding both to 
a sign '+' and to a ' — '. To the function (3) assign the infinite sum 

^ (i>-l)! dto-i ' ^ ' 

t=n+l ^ ' 

the series on the right-hand side of (4) converges absolutely since R{€) = 0(t~^) as 
t — > oo. Decomposing the function (3) in a sum of partial fractions and using its 
oddness, we deduce that 

/= Yl Asas)-Ao (5) 

s is odd 
b<s<a+b 

(see (10) below), where denominators of the rational numbers As = As,n grow not 
faster than exponentially (cf. [Rl], lemmes 1, 5). By denote the least common 
multiple of numbers 1, 2, . . . , n; the prime number theorem yields 

hm = 1. 

n— »oo 77, 



IRRATIONALITY OF ZETA- VALUES 



3 



Lemma 1. For each odd integer c > 3 there exists a sequence of integers Hn = 
nn,c > 1, ri = 1,2, . . ., such that the numbers D2^^~^ As,n ore integral and the 
limit relation 

logn„,e ^^^^V„ V 21 \ ^ J2l\ 2c -1 



(6) 

holds; here 7 ~ 0.57712 is Euler's constant and '^{x) is the logarithmic derivative of 
the gamma- function. 

Proof. Let 

TT TT u ■ \ A {cn + k)\{cn-k)\\ 
VVn = II pp. where v„ = min < ordj, — — — — > . 

y^(c+Tjn<p<2n 

(7) 

Then for rational functions 



(f(f±l)-.-(t±n))'-" t(t±l)---(t±n) 
we have the inclusions 



t=-k J- 



t=-k (8) 



fc = 0,±l,...,±n, i = 0,l,2,... 



(a proof of the inclusions (8) for the function G{t) needs a certain generalization of 
the arithmetic scheme of Nikishin-Rivoal) . Now, representing the initial function (3) 
in the form R(t) = G{t)^H{tY^^~^'^ and applying Leibniz's rule for the differentiation 
of a product, by (8) we obtain 



t=-k 



(9) 



Tl-'Di^B^^j e Z, where B^j = ^ ^ (t + 
k = 0, ±1, . . . , ±n, J = 0, 1, . . . , a — 1. 

These relations yield the desired inclusions Il~^D2n^~^As G Z since 

As = {-lf-^L_]J2^k,a+b-s-l, sis odd, b<S<a + b, 

k=—n 

(10) 

By (7), for each prime number p > •\/(c+ l)n there holds 

f n k 

Vp = mm (pc{ -, - 

|fc|<n \p p 
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where the function ipc{x., y) = [cx + y\ + [ex — y\ — c[x + yj — c[x — yj is periodic 
(of period 1) with respect to each of its arguments, and [• J is the integral part of a 
number. Direct calculations show us that 



mmipc{x,y) 



1 l-l 1 / 

2 ^ c- 1' 2 ^ c 




Now, applying the number prime theorem and following arguments from [Ch], The- 
orem 4.3 and Section 6; [HI], Lemma 3.2, we obtain the limit relation (6). This 
completes the proof. 

It can easily be checked that the value zuc in (6) behaves itself like 2c(l— 7)+0(log c) 
as c — > oo. 

4. Asymptotics of linear forms. Consider the functions 

(_!)&-! d^-icot^ , , ^ 

Decomposing n cot nt in a sum of partial fractions we see that for each integer b > 1 

count =-^^^+0{l) (11) 

in a neighbourhood of t = A; e Z. 

Lemma 2. For the value (4) there holds the integral presentation 

'M+ioo 



1= : / TT^ COtfe TTt ■ R{t) dt, 

27ri Jm-ioo 



(12) 



where M eM. is an arbitrary positive constant from the interval n < M < cn. 



Proof. Consider the integrand in (12) on a rectangle V with vertices M ± iN, 
N + ^ ± iN, where an integer N is sufficiently large, N > cn. Expanding the func- 
tion (3) in Taylor series in a neighbourhood of t = A; e Z and using the expansion (11) 
by Cauchy's theorem we obtain 

1 f R^-''^^-'' (k) 

— / tt'' cotfc nt ■ R{t) dt = Yl ^^t=k{7T^ cotb nt ■ R{t)) = ^ (h-lV 

M<k<N M<k<N ^ ^' 

(13) 

On the sides [iV+ 1 -ziV, iV+ | + z7V], [M -iN, N +^-iN], and [N + ^+iN, M + iN] 
of the rectangle V there holds the relation R{t) = 0{N~'^), while the function cot^Trt, 
which is a polynomial in cot nt, is bounded. Hence, tending A'" to oo in (13) we get 
the desired presentation (12). 

Our next claim follows from Lemma 2 after the change of variables t — nr and an 
application of Stirling's formula to gamma- factors of the function (3). 
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Lemma 3. For the sum (4) there holds the asymptotic relation 
where 



n — >• cxD, 

n" ' ■ ■ ■■ 



I — In '■— / sin^ Trnr ■ cot^ Txnr ■ e^^^'^^ ■ g{T) dr, (14) 

fir) = {a + b- bc)2 log 2 + 6(r + c) log(r + c) + b{-T + c) log(-T + c) 
+ (a + 6)(t - 1) log(T - 1) - (a + 6)(t + 1) log(T + 1), 

^^^^ ~ (r + l)(«+'')/2(r - l)(»+b)/2 ' 

and i/ie contour A4 is a vertical line 3?(t) = fj,, 1 < fx < c, oriented from bottom to 
top. 

We mean the functions /(r) and g{T) in the complex r-plane cut along the rays 
(— oo, 1] and [c, +C)o), where we choose that branches of the logarithm functions, which 
we assume to take real values for r G (1, c). 

For each b > 1 the function sin'' z ■ cot(, 2; is a polynomial in cos z with rational 
coeflBcients: 

sin^'z • cotfcz = Vb(cos2;), Vb{-y) = {-l)^Vb{y), deg V;, = max{l, 6 - 2}; 
this fact immediately follows from the relations 

v,{y) = y, n+i(y) = yn(y) + ^(i-y'K(y), b = i,2,.... 

Consequently, the integral (14) can be represented in the form 

b 

i=- CfcJn,fe, (15) 

k=-b 
k is odd 

where Ck — C-k are some (rational) constants satisfying ci = 1 for 6 = 1, and ci, = 0, 
Cb-2 ^ for 6 > 1; 

Jn,x I e-(^(-)-^--) • g{T) dr = X;!!, -b<\<b, (16) 

27rz Jm 

and the over line means the complex conjugation. To calculate asymptotics of the 
integrals (16), we apply the saddle point method exchanging the contour of integration 
Ai : 3?(t) = // by a contour A4x, which passes through a (unique) saddle point t\ in 
such a way that the integrand achieves its maximal value at r^. Saddle points in the 
domain 3ft(T) > can be determined from the equation 

/'(r) = Attz, a e M. (17) 

It follows easily that the polynomial 

(r + c)^(t - 1)"+'' - (r - c)^(t + 1)"+^ (18) 

has at least one real root on the interval (c, +cxd); by /xi denote such the root nearest 
to T = c. 
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Lemma 4. Suppose the root ni e (c, +00) of the polynomial (18) satisfies the 
condition 

Ui<c-\ min<^ — r,— >. (19) 

^ 4 \2{a + b)3cj ^ ^ 

Then all solutions of equation (17) in the domain ^{r) > are exhausted by the 
following list: 

(a) the "real" solution jii ± iO for A = ±6, where a sign (a sz(/n — ') in the 
record ±iO coinsides with the sign of X and corresponds to upper {respectively, 
lower) bank of the cut [c, +00); 

(b) a real solution //q £ (1, c) for A = 0; 

(c) a complex solution t\ G (l,c) for < |A| < b; in addition, the sign 0/ Q'(ta) 
coinsides with the sign of A, and t\ = tZ\. 

The set of solutions 0/ (17) generates a smooth closed curve 



T + C 


6 


\t-1\ 


a+b 


T — C 


6 


\t + 1\ 


\a+b 



m'ir)) = log {-—yr-—\—, = (20) 



in the domain 3?(r) > 0; this curve is contained between two circles centered atr = c of 
radii {pi—c)/2, (c— //o)/2; there holds 3fJ(/'(T)) > inside the curve and'^{f' [r)) < 
outside it. 

Proof of the claim leans on a geometric interpretation of the function $5(/'(t)) 
and on a description of all solutions of (17) in the whole cut r-plane (and not only in 
the domain 3?(t) > 0). 

With the use of Lemma 4 we choose the countour Aix to calculate asymptotics 
of Jn,x as n — > cxo in the following way. If A > then the countour Aix consists of 
the vertical ray {jjQ — zoo, ^0], of the segment [no, Ho + c^^a/z/q ~ 1 ] passing through 
the saddle point t\, and of the horizontal ray [/iq + e*^ i///q — 1, e*^ a//Xq — 1 + 00]; 
in the case A < the contour A4x is symmetric to A4-x with respect to real axis; 
lastly, the contour remains the vertical line (//q — ioo, /iq + zoo). This choice of 
the contour M.\ and an application of Laplace's method (see, e.g., [B], §5.7) yield 
the following claim. 

Lemma 5. Let A G M, |A| < b, and letrx be the (unique) solution of equation (17) 
in the domain ^(r) > 0. Then there holds the asymptotic formula 

where 



Mr) ■■= fir) - f'{T)T = (a + 6 - 6c)21og2 + 6clog(T + c) + 6clog(-T + c) 

-{a + b) log(T + 1) - (a + 6) log(T - 1). 



IRRATIONALITY OF ZETA- VALUES 



7 



Lemma 6. Suppose condition (19) is satisfied. Then for the linear forms (5) there 
holds the limit relation 

n— >oo l/U "r J- 1 l/U J- 1 

where ix is a real root {i.e., fii) of the polynomial (18) from, the interval (c, +oo) for 
6 = 1, or a root of this polynomial in the domain S(t) > with a maximal possible 
part 3?(//) for b > 1. In the case 6 = 1 the limit superior in (21) can be replaced by 
the ordinary one. 

Proof. All solutions of (17) in the domain 3?(r) > for odd values X = k are 
simultaneously roots of the polynomial (18). A routine test shows that condition (19) 
provides the increase of the function K(/o(r)) viewed as a function of 3fJ(r) (or, equiv- 
alently, as a function of A) on the curve (20) in the domain 3?(r) > 0, $5(r) > 0; hence 
only asymptotics of Jn,±i if 6 = 1 and of Jn,±{b-2) if 6 > 1 influence on asymptotics of 
the integral (15). The application of Lemmas 5 and 3 yields the desired relation (21). 

5. Estimates for coefficients of linear forms. The values -Bfcj, k = 0, ±1, 
. . . , ±n, J = 0, 1, . . . , a — 1, defined in (9) satisfy inequalities 

\Bkj\ < {2{a + bc-b)nY.^^m^^^jB,,o\ = {2{a + bc-b)nY ■ • 

Using relations (10) and Stirling's formula, we then get 

Lemma 7. For the coefficients = Ag^^i of the linear forms (5) there holds the 
estimate 

— log\As,n\ ^ 26clogc + 2(a + 6-6c)log2, 

n—^oo n 

s = ors = b+l,...,a + b— 1 is odd. 



It is not hard to prove that the integrals 

R{t)dt, /c = 2,4,6, ...,a- 1, (22) 



1_ r^+°°/sin7i 

TT* JiM-oo V 



passing through a horizontal line 9(t) = M with arbitrary M > 0, are linear combi- 
nations of coefficients A5_|_2, . . . , Aa+b-i of the forms (5). Therefore, an application of 
asymptotics of the gamma-function in the domain '^{t) > Mq > (see [B], § 6.5) and 
of the saddle point method to the integrals (22) makes more precise (insignificantly) 
the estimate of Lemma 7. 

Lemma 8. Suppose the real root ni G (c, -l-oo) of the polynomial (18) satisfies 
condition (19), and let rj e (0, +ioo) be an imaginary root of this polynomial with a 
minimal possible absolute value. Then for the coefficients As = Ag^^i of the linear 
forms (5) there holds the estimate 

jr^ logKnl <SR(/,(^))^log 
n— »oo ri 

s = ors = b+l,...,a + b — 1 is odd; 

moreover, in the case s — a + b — 1 the limit superior can be replaced by the ordinary 
one and the inequality becomes the equality. 



2'2{a+b-bc) 


\v + c 


|6c|, 


?7 — c 


6c 




\v + M 


a+b\ 


\v - 


- 1 


|a-|-6 
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6. Proofs of main results. By Lemmas 1, 6, if —bwc + 2(a + b — 1) + >c < 
ttien tliere exists at least one irrational number among values of C{^): where s is odd 
and b < s < a + b. Taking a = 19, b — 3, c — 3; a = 33, 6 = 5, c = 3, and 
a = 47, 6 = 7, c = 3 respectively for the collections in (1), we deduce Theorem 1. 
In Theorem 2, to each odd integer 6 > 1 we assign a = 76, c = 3; to conclude the 
proof, it remains to note that a real root of (18) from the interval (3, +oo) coincides 
with the root jji ^ 3.02472 of the polynomial (r + 3)(r - 1)^ - (r - 3)(r + 1)^, and 
}i + 2{a + b-l)-bwc< 3fJ(/o(//i)) + 166 - bws < -0.047 ■ 6 < 0. 

In the case 6=1 the criterion of linear independence from [Nl] in the same way 
as in [Rl] allows us to obtain the lower estimate for the value 5(a), i.e., 

Sia) > 1 - -i<^^c) + 2a -r.. 

2clogc + 2(a-c+l)log2 + 2a-z:i7c 

where x = x(a, c) is defined in (21). Taking a = 145, c = 21 and a = 1971, c = 131, 
by (23) we obtain the estimates 5(145) > 3, 5(1971) > 4; in addition, 5(3) = 2 due 
to [A]. This proves both Theorem 3 and Theorem 4 for a < 24999. Further, for odd 
integers a > 20737 = 12^ + 1 we show stronger than (2) estimate 5(a) > log]^2 
equivalently, 

5(12"" + l)>m, m = 4,5,6, (24) 

choosing c = 2 • [a/(3m^)J + 1 for each a = 12"^ + 1 in (23). The estimate (24) 
for m = 4, 5, 6, 7 is verified by direct calculations; finally, for m > 8 we use a trivial 
evaluation of the right-hand side in (23). This completes the proof of Theorem 4. 
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05 HppanHOHajiBHocTH 3Ha^eHHH /i;3eTa-(})yHKii;HH 



B. B. 3y,aja:jiHH 



1. Bse^eHHe. IIpoSjieMa nppaiiiHOHajibHOCTH snaMeHHii ;i;3eTa-(|)yHKri;HH C(s) 
B He^eTHMx TO^^Kax s ^ 3 HBJiaeTca o^hoh h3 cemmx npHTHraTejiL.HL.ix b TeopHH 
MHceJi. HecMOTpa na oSMaHi^HByio npocTOTy h 5ojiee hcm /iByxBeKOByio hcto- 
pHK), nojiy^eHHbie b stom HanpaBJieHHH pesyjibTaTbi mo>kho nepec^HTaTL. na 
najibii;ax. JlnniB b 1978 r. Anepn [A] y;^ajiocb ycTanoBHTb Hppaii;HOHajibHOCTb 
C(3), npe^^tiiBHB nocjie;^OBaTejiL.HOCTb "xoponiHx" pari;HOHajibHbix npH5jiH>KeHHH 
^jia 9Toro ^HCJia. B ^ajibHeftmeM ({)eHOMeH nocjie^oBaTejiBHocTH AnepH 5l.iji ne- 
o^HOKpaTHO nepeocMbicjieH c tomkh speHHH pasjiHMHbix anajiHTHT^ecKHx MeTO^OB 
(cm. [N2] h Li,HTHpoBaHHyio TaM 5H6jiHorpa(|)Hio); noBbie no^xo^bi hosbojihuh 
ycHJiHTb pesyjiBTaT Anepn KOAUuecmeeHHO - nojiy^HTb "xopomyio" Mepy nppa- 
□iHOHajiBHOCTH MHCJia ^(3) (nocjie^^HHe aTanti copeBHOBaHHa b btom nanpaBJienHH 
- paSoTBi [H2], [RV]). HaKonen;, b 2000 r. PMBoajiL. [Rl] nocTpoHJi jiHHeiiHBie 
(j)opMBi c paitHOHajiBHbiMH Koa(|)(|)HLi;HeHTaMH, co^epH<;an],He sna^enmsi ({s) tojibko 
B He^eTHMx TO^Kax s > 1, H ^oKasaji, mto cpedu Huceji C(3), C(5), C(7), • • • UMeem- 
cfT 6ecK0HeHH0 MHOzo uppav,uoHaAbHux; 6oAee moHHO, dAfr pasMepHocmu S{a) npo- 
cmpaHcme, narmmymux Had Q na hucag 1,^(3), C(5), . . •,C('^ ~ 2),C(a), zde a ne- 
HerriHO, cnpaeedAuea ov,eHKa 

6{a) ^ 2 H-^^ 2 ^^^^) a — > oo. 

2. OcHOBHBie pesyjiBTaTBi. B HacToanieii saMCTKe ml.i oSoSmaeM KOHCTpyK- 
iIHio PHBoajifl [Rl] H /lOKasBiBaeM cjie/tyioniHe pesyjiBTaTbi. 

Teopema 1. B KaotcdoM uucaooom nadope 

{C(5), C(7), C(9), C(ll), C(13), C(15), C(17), C(19), C(21)}, 
{C(7), C(9), . . . , C(35), C(37)}, {C(9), C(ll), • • • , C(51), C(53)} ^ ^ 

UMeemcfT no Kpauneu Mepe odno uppav,uoHaAbHoe hucao} 
Teopema 2. JIast Kaotcdozo HenemHozo 6^1 cpedu hucca 

C(6 + 2), C(^> + 4), C(86-3), C(8&-1) 

UMeemcfT no Kpauneu Mepe odno uppau,uonaAhHoe. 

^Ilocjie saBepmeHHH paSoTti na/i, CTaTbeii asTopy ciajio HSBecTHO, ^ito FHBoajit [R3] nesa- 
BHCHMO nojiy^HJi yTBepjK^eHHe TeopeMti 1 ajih nepBoro h3 Ha5opoB b (1), HcnojibsyH hhoc 
o6o5iii;eHHe KOHCTpyKUiHH h3 [Rl]. 
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Teopema 3. Cyunecmeymm HeueniHue ai ^ 145 u a2 ^ 1971 maKue, nmo Hucjia 
1, C(3), C(ai), ^(02) AuneuHO neaaeucvMU Had Q. 

TeopcMa 3 ycHJiHBaeT cooTBeTCTByiomHii pesyjibxaT paSoTbi [R2], r^e ycxa- 
HOBJiena jiHHeHHaji nesaBHCHMocTi, MHceji 1, C(3), Cl*^) -AJih neKOToporo HeMeTHoro 
a ^ 169. 

Teopema 4. JiAfr Kaotcdozo HeuemHozo a ^ 3 cnpaeedjiuea adcojuomHOH ov,eHKa 

5(a)> 0.395 1oga>^-^^^. (2) 

OTMeTHM, MTO ^OKasaTejibCTBo TeopeM 1-4 HcnojibsyeT BbMHCJieHHe acHMn- 
TOTHKH c noMombK) MeTo;i;a nepeeajia (n. 4) h H;i;eHHO onnpaeTCii na paSoTLi [N2], 
[He]. ycoBepmeHCTBOBaHHe apH4)MeTHMecKHx oii;eHOK (BHaMeHaTejieii ^ihcjiobux 
jiMHeMHBix {|)opM) B ^yxe [H2], [RV], npHBo^HMoe b n. 3, hosbojimjio yTOT^HHTi. 
oijeHKy CHHsy ^jih 5{a) b TeopeMax 3, 4 npn Majibix snaMeHHii a. B n. 5 mbi no- 
jiy^aeM ne tojibko oiteHKy CBepxy, ho h TOMHyio acHMHTOTHKy K09(|)(|)Hu;HeHT0B 
jiHHeiiHBix (|)opM. HaKOHen;, b n. 6 mbi ^^OKasbmaeM TeopeMbi 1—4. 

OcHOBHbie pesyjiBTaTbi btoh paSoTbi anoHCHpoBaHBi b cooSmenHH [Z]. 

Abtop HCKpenne Sjiaro^^apen npo(|)eccopy lO.B. HecTepeHKO sa nocTOiiHHoe 
BHHMaHHe K paSoTC. HacToamaa paSoxa BMnojiHena npn MacTH^iHoii noAAepHCKe 
(j)OH^a INTAS H PoccHHCKoro (|)OH^a (|)yH;i;aMeHTajibHbix HCCJie^^OBanHii (rpanT 
no. IR-97-1904). 

3. AnajiHTH^ecKaH KOHCTpyKii;Hii. 3a{|)HKCHpyeM nojio>i{HTejiL.HL.ie ne^^eT- 
Hbie napaMOTpbi a,b,c, c ^ 3 a a > b{c — 1), h ^jih Ka»c^oro itejioro nojioH<H- 
TejiBHoro n paccMOxpHM paiiHOHajibnyio ^yuKixuio 

,6 



(3) 



r;i;e snaK '±' osna^aeT, ^ito b npoHSBe^^eHHH y^iacTByiOT MHO>KHTejiH, otbb- 
MaiomHe KaK snaKy '+', xaK h '— '. IIocTaBHM b cooTBexcTBHe (|)yHKii;HH (3) 
SecKOHO^Hyio cyMMy 

"■" ^, (b-iy. dt'-i ' ^ ' 

t=n+l ^ ' 

Y>RA B npaBOH ^lacTH (4) cxo^^htch aScojiiOTHO, nocKOJiBKy = 0(t~^) npn 
t ^ 00. IIpe^CTaBJiaa ({)yHKn;Hio (3) b BH^i;e cyMMbi npocTeftrnHx ^^poSeii h hc- 
nojibsya ee ne^eTHOCTb, saKJiioMaeM, mto 

/= ^sC,{s)-A^ (5) 

a HeMCTHO 
6<s<a+6 
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(cm. (10) ^lajicc), r^e sHaMenaTejiH paii;HOHajiL.HL.ix ^^Hceji As = Ag^n pacTyT ne 
SbicTpee MBM 9KcnoHeHii,HajiL,HO (cp. [Rl, jieMMBi 1, 5]). OSosHai^HM T^epes 
HaHMeHbinee oSmee Kparaoe Hmcen 1,2, ...,n; hs acHMnTOTHi^ecKoro saKona 
pacnpe^ejieHHii npocTux ^iHceji 

lim = 1. 

n— »oo Ti 

JIemma 1. JJ^fT KGOfcdozo ueHemnozo c ^ 3 cym,ecmeyem nocAedoeameAbHocmb 
v,eAux Hn = n^,c ^ 1) n = 1, 2, ... , maKOfr, umo hucag Il~^D2^^~^As,n freAfnomcfr 
v,eAUMU u cnpaeedAueo npedeAbHoe coomnomenue 

^^:= iim-^^ = - V 2^^ +2^^ - +— ^ +2 C-1 1-7 , 

(6) 

zde 7 ~ 0.57712 - nocmommafT duAepa, a i(^{x) - Aozapu^MUHecKOfr npouaeodnajT 
zaMMa-^yuKViUU. 

/[OKASATEJIbCTBO. EoJIOKHM 

T-r TT • f 1 {cn + k)\ icn — k)\\ ,_, 
JJ- ^ ' P fc=o,±i,...,±n\ ^ (n + /c)!'^(n-/c)!^ J 

^(c+l)n<p^2n 

Tor;^a paitHOHajibHbix ^ymnsjATA 



(t(t±l)...(t±n))''-' ' t((±l)...(t±n) 

cnpaBe^^jiHBbi BKJno^eHHii 



t=-A; 

fc = 0,±l,...,±n, j = 0,l,2,... 



(8) 



(^OKasaTejibCTBo BKJiioMeHHH (8) ^JiH (|)yHKn;HH (j(t) HcnojibsyeT o5o5in;eHHe apH- 
(|)MeTH^ecKOH cxeMbi HHKHniHHa— PHBoajia) . SanHCbmaji HCxo;i;Hyio (|)yHKu;Hio (3) 
B BH^^e R{t) = G{t)^ H {t)°''^^~^'^ H npHMBHiiii npaBHJio JIeH5HHri;a ;;H(|)(|)epeH- 
rtHpoBaHHii npoH3Be;i;eHHii, corjiacno BKJiio^eHHiiM (8) nojiy^aeM 



t=-k 



. 1 dp 

^n'Di^BkjeZ, TAB Bu,^ = -—{R{t){t + kr) 
/c = 0, ±1, . . . , ±n, J = 0, 1, . . . , a — 1. 

Bto ^aeT TpeSyeMBie BKJiioT^eHHH D2^^~^ Ag G Z, TaK KaK 

= (-1)^"M f _ J j Bk,a+b-8-i, s He^eTHO, h<s<a + h 

^=(-i)'-'i:i:((":!7')ili^ 



(9) 



_| |_ I I Bk,a-2 _|_ Sfc,a-1 



b-lj 1^+-^ lb 

(10) 
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B.B. BYilHJIHH 



Hjiii Ka3«;i;oro npocToro p > ^/{c+ l)n corjiacHO (7) BBinojiHeno 



mm (pc 

|A;|<n 



n k 
p ' p 



Tfl.e 4>yHKii;Hfl (pc{x,y) = [cx + y\ + [cx — y\ — c[x + y\ — c[x — y\ nepHo;i;HMHa 
(c nepHo^oM 1) no Kam;;oMy apryMenTy, [-J - n^ejiaa MacTB MHCJia. IIpoBepKa 
noKasbiBaeT, ^^to 



min<^c(a;,y) = 




OTCio/ta c noMoin,t.io acHMHTOTH^ecKoro saKona pacnpe^ejieHHH npocTBix mhcgji 
H paccyjK^eHHH h3 [Ch, TeopeMa 4.3 h §6], [HI, jieMMa 3.2] nojiy^aeM npe- 
;i;ejibHoe cooTHomeHHe (6). JieMMa ^^OKasana. 

Hecjio>KHO y5e;i;HTbCii b tom, ^ito BejiH^inna zuc b (6) npn c 
nopii;^OK 2c(l — 7) + O(logc). 

4. AcHMHTOTHKa JIHHeHHMX ({)OpM. Onpe^^eJIHM (|)yHKIi;HH 



00 HMeeT 



Ctgft z = 



6=1,2,.... 



(6-1)! dzb-^ 

Pa3Jio>KeHHe tt ctg 7rt b cyMMy npocTeftmHx ^^poSeii noKasLiBaeT, ^ito ^^Jiii jiioSoro 
mejioro b ^ 1 B OKpecTHOCTH to^kh t = k & Z cnpaBe;i;jiHBO npe^^CTaBJienHe 

1 



tt" ctg^ nt 



+ 0{1). 



{t - kf 

JIemma 2. Jl^fT eeAUHUHU (4) cnpaeedAueo unmezpaAhHoe npedcmaeAeHue 



1 



M+ioo 



TT^ Ctg^ TVt ■ R{t) dt, 



(11) 



(12) 



M—ioo 



zde M e 



npouseoAbHOfr nocmommour U3 UHmepeaAa n < M < an. 

JIOKASATEJlbCTBO. PaccMOTpHM no;i;i»iHTerpajiL.Hyio {|)yHKii;Hio b (12) na koh- 
Type npHMoyrojibHHKa V c BepniHHaMH M ±iN, | ±iNj r^e iiejioe mhcjio TV 
^ocTaTOMHo BejiHKO, N > cn. PacKJia^bmaa (|)yHKii,Hio (3) b pa^ TeiiJiopa b ok- 
pecTHOCTH t = A; e Z H nojibsyacb npe;i;cTaBJieHHeM (11), corjiacno HHTerpajibHoii 
TeopeMe Komn nojiy^aeM 

R(''-^\k) 
(6-1)! • 



1 
27H 



TT^ ctgft TTt ■ R{t) dt= Y Rest=fc (tt'' ctg;, TTt ■ R{t)) = Y 



M<k<N 



M<k<N 



(13) 

Ha CTopoHax [N+l-iN,N+l + iN], [M-iN,N+l-iN] h [N + ^+iN, M + iN] 
npHMoyroJiBHHKa V BBmoJiHeno R{t) — 0{N~^) h (^yaKuvin ctg^yrt, aBJiaiomaacji 



00 



MHoroMJienoM ot ctgTrt, orpanHMena. HoaTOMy npe^eJiBHtiH nepexo^ N 

B (13) npHBO^IHT K (12). 

Cjie^yiomee yTBep>K^eHHe nojiyi^aeTCH h3 jieMMbi 2 nocjie saMenbi t — nr u 
npHMeneHHii k raMMa-MHO>KHTejiiiM ^yuKnuvL (3) (|)opMyjibi CTHpjiHnra. 
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JIemma 3. Upu n — > oo dAM cyMMU (4) eunojmeHO 
~ = 1 



sin'' Trnr ■ ctg^ tvut ■ e"'-^*-'^-' ■ (/(r) dr, (14) 

/(r) = (a + 6 - 6c)2 log 2 + 6(r + c) log(r + c) + b{-T + c) log(-T + c) 
+ (a + 6)(t - 1) log(T - 1) - (a + 6)(r + 1) log(T + 1), 

^ (r + c)''/^(-r + c)^/^ 

^''^^ ~ (r + 1)(«+'')/2(t - l)(a+'>)/2 ' 

a KOHuiyp Ai - eepmuKaAhuajT npfTMOfr Rer = 1 < < c, npoxoduMon CHUsy 
eeepx. 

Ml.1 paccMaTpHBaeM ^yHKmm fij) h (/(r) b r-njiocKOCTH c paapesaMH b^ojib 
jiyMeii (— oo, 1] h [c, +C)o), (|)HKCHpyH bbtbh jiorapH(|)MOB, npHHHMaiomHe ^eiicTBH- 
TejiBHue SHa^eHHii na HHTepBajie (l,c) BemecTseHHOH och. 

Hjiii Ka»;;i;oro 6^1 ^ysKojAsi sin'' 2; • ctgj, 2; iiBJiiieTCii MHoroMJienoM ot cos z c 
paniHOHajiBHMMH K03(|)(|)Hn;HeHTaMH: 

sin''2;-ctg6 2; = V6(cos2;), Vb{-y) = {-lfVb{y), degH = max{l, 6 - 2}; 
9TOT (|)aKT cjie^yeT h3 cooTHOineHHii 

= y, = yV5(y) + J(i - y')n'(y), = 1, 2, . . . . 

IIoBTOMy HHTerpaji (14) mo>kho npe^^cxaBHTb b BH;i;e 

6 

i=- ^ CfeJn,fc, (15) 
k He^ieTHO 

r^e Cfc = C-k - HeKOTopbie (parcHonajiBKbie) nocTOHHHBie, npH^^eM ci — 1 /ijih 
6 = 1 H Cfo = 0, C6_2 7^ ;^Jiii 6 > 1, 

Jn,A = 7^ f e-(^(^)-^^^^) • ^(r) dr = j;;^!, -6 ^ A ^ 6, (16) 
27rz Jm 

^epTa CBepxy osna^aeT KOMnjieKcnoe conpii>KeHHe. ZIjih BBraHCJiennji acHMn- 
TOTHKH HHTerpajiOB (16) MM BOcnojibsyeMCii MeTo;i;oM nepesajia, saMeHHii Konxyp 
MHTerpHpoBaHHH Ai : Rer = na KOHTyp Aix, npoxo^amHH Mcpea (e/iHHCTBeH- 
Hyio) TQT^Ky nepeBaJia ta, b KOTopoft no^biHTerpajiBHaa (|)yHKii,Hfl npHHHMaeT 
MaKCHMajiBHoe SHa^eHHe. Tomkh nepeBajia b oSjiacra Rer > y^oBJieTBopaiOT 
ypaBHeHHK) 

f'{r) = Xtti, XeR. (17) 
KaK Hecjio>KHO saMeTHTb, MHoro^Jien 

(r + c)\t - 1)"+'' - (r - c)''(r + 1)"+'' (18) 

HMeeT no KpaHHeii Mepe o;^hh Bein,ecTBeHHt.iii Kopent. na HHTepBajie {c,+oo); 
o5o3Ha^HM ^lepes /xi 5jiH>KaHmHH h3 bthx Kopneft k tomkb t = c. 
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B.B. BYilHJIHH 



JIemma 4. Ilycmb Kopem ni e (c, +00) MHOzoHJiena (18) ydoeAemeopsrem ne- 
paeencmey 

c^-l . ( b 11 
^^^^+^-™i2(^'3^/- 

Tozda e o6Aacmu Rer > ece pemewuM ypaenewm (17) ucnepnueaiomcfr cac- 
dyioWfUM cnucKOM: 

a) "eeui^ecmeeHHoe" pemenue fii ± iO dnsr A = ±6, 2()e awoK {snaK 

e aanucu ±iO coenadaem co maKOM A u omeeuaem eepxneMy {nuotcHeMy) 
6epezy paapeaa [c, +00); 
5) eem,ecmeennoe pemenue hq & [1, c) dAsr A = 0; 

b) KOMUAeKCHoe pemenue r\ e (l,c) d/isr < |A| < 6, npu amoM shgk Iiiita 
coenadaem co sndnoM \ u t\ = t-\. 

Mnajpcecm^eo pemenuu ypaenenuM (17) odpaayiom e noAynAOCKOcmu Rer > zjiad- 
Kym aaMKHymyw Kpueyio 



r + c 


b 


T-1 


a+b 


r — c 


b 


T + 1 


a+b 



Re fir) = log ! : ' , ' = 0, (20) 



saKATOHennym enympu OKpyofcnocmeu c v,enmpoM e mouKe r = c u paduycaMU 
— c)/2, (c — //o)/2; enympu amou npueou Re/'(T) > u ene ee Re/'(T) < 0. 

X[OKA3ATEJlt.CTBO 3Toro yTBcpHc^^eHHii onnpaeTCii na reoMeTpHMecKyio hh- 
TepnpeTaitHio ^yHKHnn Imf'^r) h onHcaHHe pemeHHii ypaeHeHHii (17) bo Bceii 
T-njiocKOCTH (a He tojibko b oSjiacTH Rer > 0). 

C noMombK) jieMMM 4 BbrancjieHHii acHMnxoTHKH J^ x npn n — > 00 mm 
BuSnpaeM KOHxyp Aix, cocToaniHH b cjiy^ae A > h3 BepTHKajibHoro Jiy^a 

{luo—ioo,IJ,o], OTpesKa [jiQ, /Uo + e*^A//Uo ~ l]^ npoxo^amero ^^epea TO^Ky nepeeajia 



T\, H ropH30HTajiL.Horo Jiy^a [jjQ + c^^a/zUq — 1, c'^a/zUq — 1 + 00]; b cjiy^ae A < 
KOHTyp Aix cHMMCTpH^eH Ai-X OTHocHTejibHo Bein,ecTBeHHOH och; HaKOHeu;, 
KOHTyp M.Q ecTb BepTHKajiBHaH npiiMaii (fxo — ioo, fxo + ^00). TaKoii BbiSop koh- 
Typa Mx H npHMeneHHe Mexo^^a JIanjiaca (cm., nanpHMep, [B, §5.7]) npHBo;^HT 
K CJie^iyiomeMy yTBep>K;;eHHio. 

JIemma 5. Uycmb A e R, |A| ^ b, u tx - (eduncmeennoe) pemenue ypae- 
nenujT (17) e oSAacmuKer > 0. Tozda npun — > 00 cnpaeednuea acuMnmomuuecKOfr 
^opMyAa 

e-R-/°(-^)|ff(rA)| . _i . 



{27rn\f"{TxWr^ 



zde 



Mr) ■■= fir) - /'(t)t ={a + b- 6c)21og2 + 6clog(T + c) + bc\og{-T + c) 

-{a + b) log(T +l)-{a + b) log(T - 1). 
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JIemma 6. ITycmb emnojiHeHo ycAoeue (19). Tozda dAfr AuneuHux ^opM (5) 
cnpaeedAueo npedejimoe coouiHomeHue 

zde jji - eeut/ecmeeHHUu Kopem MHOzoujiena (18) U3 unmepeajia (c, +oo) e cjiynae 
b = 1 u KopeHb amozo MuozoHAena e odAacmu Imr > c MaKcuMaAhuo eosMoofCHOu 
HacmbTO Re// e CAyuae b > 1. JJ^fr 6=1 eepxHuu npedeA e (21) Mootcno aaMenumh 

Ha 06UHHUU. 

XlOKASATEJlbCTBO. Bce pemeHHii ypasHeHHii (17) b oSjiacTH Rer > AJiii 
HeMeTHbix X = k o^HOspeMeHHo asjiaiOTca kophhmh MHoroMJiena (18). PyTMHHaa 
npoBepKa noKasBiBaeT, mto ycjioBHe (19) oSecne^HBaeT BospacTaHHe ({)yHKii,HH 
Re/o(T) KaK (|)yHKn;HH ot Rer (hjih, mto to me caMoe, ot A) na kphboh (20) b 
oSjiacTH Rer > 0, Imr ^ 0; noBTOMy na acHMnxoTHKy HHTerpajia (15) BJiHiiiOT 
TOJiBKO Jn,±i B CJiy^ae 6 = 1 H Jn,±(6-2) B cjiyMae b > 1. IIpHMeHeHHe jieMM 5 
H 3 npHBO^HT K TpeSyeMOMy cooTHomeHHio (21). 

5. Oii;eHKH K03(J)(J)HLi;HeHT0B jiHHeHHbix (|)opM. Hjih BejiH^HH Bkj, k = 0, ±1, 
. . . , ±n, j = 0, 1, . . . , a — 1, onpe^ejieHHBix b (9), cnpaBe;i;jiHBBi oiienKH 

\Bk,j\ ^ {2ia + bc-b)nY ■ ^^m^^^jB,,o\= {2ia + bc-b)nY J^J^,^ • 

XIojiBsyflCL. cooTHomeHHHMH (10) H (|)opMyjioH CrapjiMHra, nojiy^aeM cjie^iomee 
yTBep>i<:^eHHe. 

JIemma 7. JJ./i^ ko a^^ui^uenmoe As — As^n JiuneuHux ^opu (5) cnpaeedAuea 
ov,eHKa 

— log\ As,n\ ^ 2bclog c + 2{a + b- be) log 2, 

n— >oo n 

s = UAu s = 6+l,...,a + 6— 1 HeuemHO. 
KaK HecjiojKHO noKasaTL., HHTerpajiBi 

± / smTTi A; = 2,4,6,...,a-1, (22) 

TTZ y,M-oo V ^ / 

B^OJIb rOpHSOHTaJIBHOH npHMOH luit — M, r^e M > npOHSBOJIBHO, HBJIHIOTCH 
JIHHeilHBIMH KOM5HHaii;HiIMH K09(|)(|)HI];HeHT0B ^6+2) ■ ■ ■ , (|)OpM (5). IIOBTO- 

My npHMeneHHe acHMHTOTHKH raMMa-(|)yHKii;HH b oSjiacTH Imt ^ Mq > (cm. [B, 
§6.5]) H MeTo;^a nepeBajia k HHTerpajiaM (22) yxo^HjieT (nesHaMHTejiBHo) oixeHKy 

JieMMM 7. 

JIemma 8. Uycmb eemecni^eeuHbiu Kopem ni G (c, +oo) MHozouAena (18) ydoe- 
Aemeopfrem ycAoewo (19) ury G (0, +ioo) - MUHUMaAbHuu no adcoAiomHou eeAUHune 
MHUMUU KopeHb amozo MHOzoHAena. Tozda dAjr Koa^^ui^ueHmoe As = ^s,n ^uneu- 
Hux ^opM (5) cnpaeedAuea ov,eHKa 

^og l^s,n| ^ Re/o(?7) = log 
n— >cx) n 

s = UAU s = 6+l,...,a + 6— 1 HeuemHO, 

npuHeM e eAynae s = a + b — 1 eepxHuu npedeA MootcHO saMenumb na oBuhhuu u 
nepaeencmeo npeepaw^aemcfr e paeencmeo. 



22(a+6-6c) 


\v + c 


6c 


r] — c\ 


6c 




|r/ + l|' 


a+6 


1^ - 


- 1 


|a+6 
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B.B. SyHMJIHH 



6. ZtoKasaTejibCTBO ochobhbix peayjibTaTOB. CorjiacHo jieMMaM 1,6 b cjiy- 
^ae —bwc + 2(a + 6 — l) + x< cpe^H i^Hceji C{s) , r^e s He^^eTHo vi b < s < a + b, 
HMeeTCH no KpaHHeii Mepe o^ho HppaiiHOHajibHoe. BbiSHpaa a = 19, 6 = 3, 
c = 3; a = 33, 6 = 5, c = 3 n a = 47, 6 = 7, c = 3 cooTBeTCTBeHHo ^jih KajK^oro h3 
HaSopoB B (1), nojiyi^aeM TeopeMy 1. B TeopeMe 2 ;i;jifl Ka>K^oro neMeTHoro 6^1 
nojiaraeM a = 76, c = 3; npH stom Kopenb MHoroMJiena (18) na HHTepBajie (3, +oo) 
coBna^aeT c KopneM fxi ^ 3.02472 MHoro^^JieHa (r + 3)(t — 1)^ — (r — 3)(r + 1)^ h 
X + 2(a + 6 - 1) - 6roc < Re /o(;Ui) + 166 - bw3 < -0.047 ■ 6 < 0. 

B cjiyMae 6=1 KpHTepHH jiHHeHHoii nesaBHCHMOCTH hs [N1] TaK >Ke, KaK h 
B [Rl], no3BOJifleT oiieHHTL. BejiHMHHy 6{a) CHHsy: 

S{a) ^ 1 - - -i<^^c)+2a -r.^ 

2c\ogc + 2{a- c+ l)log2 + 2a- Wc 

r^e BejiHT^HHa x = x(a, c) sa^aeTca cooTHomeHHeM (21). IIojiaraH a = 145, c = 21 
H a = 1971, c = 131, corjiacHo (23) nojiyMaeM ou;eHKH 5(145) ^ 3, 5(1971) ^ 4; 
KpoMe Toro, 5(3) = 2 BBH^y [A]. Bto ^joKasbiBaeT KaK TeopeMy 3, TaK h TeopeMy 4 
^jiH a < 24999. Hjih neMeTHbix a ^ 20737 = 12^ + 1 mbi ^oKasbmaeM 5ojiee 
CHJiBHyio, T^eM (2), on;eHKy 5(a) > logj^2 hjih, t^to to >Ke caMoe, 

5(12'^ + l)>m, m = 4,5,6,..., (24) 

BBiSHpaa c = 2 ■ [a/ (3m^)J + 1 ^jih Ka>K^oro a = 12"^ + 1 b (23). IIpH m = 4, 5, 6, 7 
ou;eHKa (24) npoBepaeTca Henocpe.a;cTBeHHo; npH m ^ 8 mbi nojiBsyeMca tphbh- 
ajiBHoii oiieHKOH npaBoii ^^acTH b (23). 9to saBepmaeT ^oKasaTejibCTBo Teo- 
peMbi 4. 
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